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In this article, we study the structure of positive-definite Toeplitz kernels on free
Ž .semigroups called also multi-Toeplitz and its implications in noncommutative
dilation theory, harmonic analysis on Fock spaces, prediction and interpolation
theory for stationary stochastic processes. A parametrization of positive-definite
multi-Toeplitz kernels in terms of generalized Schur sequences of contractions is
obtained. This leads to explicit minimal Naimark dilations, Cholesky factorizations,
Szego type limit theorems, and entropy for positive-definite multi-Toeplitz kernels.¨
Maximal outer factors are associated with positive-definite multi-Toeplitz kernels
and are used to obtain innerouter factorization for operators on Fock spaces with
coefficients in Hilbert spaces. The KolmogorovWiener prediction problem for
stochastic processes having as covariance kernels positive-definite multi-Toeplitz
kernels is considered. The predication-error operator is calculated in terms of
Ž .Schur parameters resp., maximal outer factor associated with the covariance
kernel of the process, and a connection with a Szego type infimum problem is¨
established. We solve the Caratheodory interpolation problem for positive-definite´
multi-Toeplitz kernels, we obtain a parametrization of all solutions in terms of
Schur sequences, and we find the maximal entropy solution. The results of this
article can be used to develop a theory of stochastic n-linear systems.  2001
Academic Press
0. INTRODUCTION
Let  be the unital free semigroup on n generators: g , . . . , g , and letn 1 n
Ž .B H be the algebra of all bounded linear operators on a Hilbert space H.
   Ž .A positive-definite kernel on  is a map K :     B H with then n n
1 Partially supported by NSF Grant DMS-9531954.
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property that
k
K  ,  h , h  0² :Ž .Ý i j j i
i , j1
for any h , . . . , h  H,  , . . . ,    , and k. A kernel K on  is1 k 1 k n n
Ž . Ž .called multi-Toeplitz if K e, e  I e is the neutral element in  andH n
 K  , e ; if   for some   ,Ž . n K  ,  Ž . K e,  ; if   for some   ,Ž . n	
0; otherwise.
In this article, we study the structure of positive-definite multi-Toeplitz
kernels on free semigroups and its implications in noncommutative dila-
tion theory, harmonic analysis on Fock spaces, prediction and interpola-
tion theory for stationary stochastic processes.

 The existence of a Schur type description S of an arbitrary contraction

  Ž 
 . 
 was first established in CeF see also FFr, BC . In Po4 , we obtained a
Schur type description for contractive multi-analytic operators on Fock
spaces, using certain generalized Schur sequences of row contractions.
In Section 1, we show that any positive-definite multi-Toeplitz kernel K :
  Ž .    B H uniquely determines and is uniquely determined by an n
 4sequence of row contractions  called the generalized Schur sequencej j1

 Po4 . We obtain a concrete matrix representation of the minimal Naimark

 dilation N for positive-definite multi-Toeplitz kernels on free semigroups

 Po6 , in terms of their generalized Schur sequences, extending the non-
commutative minimal isometric dilation theorem for row contractions

 Po1 .
In Section 2, we use the geometric version of the minimal Naimark
Ž .dilation from Section 1 to show that there is a one-to-one correspon-
dence between the set of all positive multi-Toeplitz matrices M m

 Ž .  4mK  ,  , and the Schur sequences  , and we recursivelyc  m ,  m j j1
 4m  Ž .4 calculate  from K e,  . The length of   is defined byj j1  m n
     k, if  g g  g , and   0, if  e. A Cholesky factorizationi i i1 2 k
M  CC , with C upper triangular, is provided and is used to obtainm m m m
Ž 
 . ŽSzego type limit theorems see Sz1, Sz3, GSz, BC, Co in our setting see¨
.Theorem 2.2 . This leads to the entropy of a positive-definite multi-Toep-
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litz kernel K with det M  0, m 1, 2, . . . , which is defined bym
1nmdet Mm
exp E K  lim .Ž . ž /det Mm m1
  Ž .We show, in Section 2, that if K :     B H is a positive-definiten n
multi-Toeplitz kernel, where dim H , then the entropy of K is
 1
E K  ln det I   ,Ž . Ž .Ý j jjnj1
 4where  is the generalized Schur sequence associated to K. As in thej j1
classical case, we obtain information about the asymptotic distribution of
the eigenvalues of the multi-Toeplitz matrix M .m
In Section 3, we associate with each positive-definite multi-Toeplitz
kernel a uniquely determined outer factor. This leads to factorization
Ž 2 . 2theorems for operators in B H, F  K , where F is the full Fock spacen n
Ž .on n generators see Theorem 3.3 , generalizing classical results from

 HL1, HL2, SzNF, RR , as well as some extensions to Fock spaces from

 Po3, Po5 . The maximal outer factor of K will also occur in the computa-
tion of the prediction-error operator, regarding the geometry of stationary
Ž .stochastic processes see Section 4 .
Given a positive-definite multi-Toeplitz kernel K , there is a geometric
 Ž .4 model X x  of a stationary stochastic process with covariancen
Ž . Ž . Ž . kernel K , i.e., K  ,   x  x  ,  ,   . In Section 4, we con-n
Ž
 .sider the KolmogorovWiener prediction problem K1, K2, W for the
process X , and we compute the prediction-error operator in terms of the
generalized Schur sequence associated with the covariance kernel. We
establish a connection between the prediction-error operator and a Szego¨
type infimum theorem for positive-definite multi-Toeplitz kernels on free

semigroups, extending some classical results from Sz2, HL1, HL2, K1, K2,
WM1, WM2 . In particular, we calculate the Szego infimum for positive¨

 multi-Toeplitz operators on Fock spaces, extending a result from Po5 .
The Caratheodory interpolation problem in our setting is to find all´
positive-definite multi-Toeplitz extensions of a positive multi-Toeplitz ma-

 Ž .trix K  ,  . In Section 5, we solve this problem, we obtain ac  m ,  m
parametrization of all solutions in terms of generalized Schur sequences,
and we find the maximal entropy solution. The results of this article can be
Ž 
 used to develop a theory of stochastic n-linear systems see Fr for the
.case n 2 . Our connection with positive-definite multi-Toeplitz kernels is
presented in Section 5.
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We should mention that the results of this article were announced in

 Po7 .
1. THE STRUCTURE OF POSITIVE-DEFINITE TOEPLITZ
KERNELS ON FREE SEMIGROUPS
We define a total order on  as follows. Let  g  g and letn i i1 k
         g  g be in  . If    , we say that  . If     k,j j n1 q
Ž . Ž .then we say that   if and only if i , . . . , i  j , . . . , j with respect1 k 1 k
to the lexicographic order on k.
Ž .PROPOSITION 1.1. Let T , . . . , T  B H . Then the operator matrix1 n

   T , . . . , T is a contraction if and only if the Toeplitz kernel K :    1 n c n n
Ž .B H defined by
T ; if   for some   ,  n
 K  ,   1.1Ž . Ž .T ; if   for some   ,c  n	
0; otherwise
is positie-definite, where T  T  T if  g  g , and T  I . i i i i e H1 k 1 k

 Ž . Ž N .Proof. Let M  K  ,   B  H , where N 1m c  m ,  m 1
2 m 
 Ž . Ž N .n n  n . Define A  A  ,   B  H bym  m ,  m 1
 4T ; if   e for some i 1, . . . , ni iA  ,  Ž . ½ 0; otherwise
    m1for any  m and  m. Notice that A  0 andm
m m
 kkM  A  A  IÝ Ým m m
k0 k0
1 1 I A  I A  IŽ . Ž .m m
1 1  I A I A A I A .Ž . Ž . Ž .m m m m
TOEPLITZ KERNELS ON FREE SEMIGROUPS 195
This shows that M is positive if and only if A is a contraction. Noticem m
that, for any  h NH, we have m 1
22
h  A h  m ž /
    m  m
2 2
 h  T h  T hŽ .  1  e n  e1 n
    m  m1
  2   2   2 h  h   hÝ že  e  e1 n
 0  m1
  2 T h  T h ./1  e n  e1 n

 Therefore, A is a contraction if and only if T , . . . , T is a contraction.m 1 n
This completes the proof.
In the particular case when n 1, we find again the well-known result

 from SzNF, Pa .

 COROLLARY 1.2. Let T , . . . , T be a row contraction and let K be1 n c
Ž . Ž . Ž . defined as in 1.1 . If M is a subspace of H, then  ,   P K  ,  isMM c
Ž .a positie-definite multi-Toeplitz kernel with alues in B M .
Let K be a positive-definite multi-Toeplitz kernel on . We say that Kn
has a Naimark dilation if there is a Hilbert space K H and if there is a
sequence V , . . . , V of isometries on K, with orthogonal ranges, such thatg g1 n
 K e,   P V for any   ,Ž . HH  n
where for any  g  g   , V  V  V , and V  I . Thei i n  g g e K1 k i i1 k
Naimark dilation is said to be minimal if K  V H. The sequence n
 4V , . . . , V is called the minimal isometric dilation of K. We proved ing g1 n

  Po6 that a multi-Toeplitz kernel on  is positive-definite if and only if itn
admits a minimal Naimark dilation which is uniquely determined up to an
isomorphism. In this section, we obtain a concrete matrix representation of
Ž .the isometries V , . . . , V  B K in the minimal Naimark dilation, ing g1 n
 4terms of certain generalized Schur sequence of row contractions j j1
Ž 
  .see BC for the case n 1 .
In what follows, we denote by H Žn. or n H the direct sum of n copies1
Ž . Žn. Žn.of H. Now, if T B H and h H, then T and h have clear meaning.
 4A sequence of row contractions  is called generalized Schur se-j j1
Ž Žn. . Ž Žn. .quence if   B H , H , and   B D , D for j 2, where D1 j   j1 j1 j
Žis the defect space for  , i.e., the closure of the range of D  Ij j .12  .j j
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THEOREM 1.3. There is a one-to-one correspondence between the set of all
positie-definite multi-Toeplitz kernels on  and the set of all generalizedn
Schur sequences.
 4Proof. Let  be a generalized Schur sequence. Each row contrac-j j1
Žn. Žtion  : D D uniquely determines the unitary operator Halmosj  j1 j1
.extension ,
 Dj j
, 1.2Ž .D  jj
from DŽn. D  to D  D . Hence, for each i 1, . . . , n and j   j1 j j1 j
1, 2, . . . , the operator matrix,
 Dji j
D E  i jj
is an isometry from D D  to D  D , where E : Kn K    i k1j1 j j1 j
is the embedding E k 0Ž i1. k 0  0. For each j 1, 2, . . .i
and i 1, . . . , n, define the isometry V fromji
HD  D D D D D   ,     1 j2 j1 j j1 j2
to
HD  D D  D D D   ,     1 j2 j1 j j1 j2
by
 Dji jŽ j1.V  I   I I  .ji D E  i jj
Notice that, for each p 1, 2, . . . , and i 1, . . . , n, the operator Ł p Vj1 ji
is an isometry from HD  D D D   to   1 p1 p p1
K HD  D D D   . 1.3Ž .   1 p1 p p1
Ž .Therefore, it makes sense to define the isometry V  B K by V i i
Ł V . Indeed, the product is eventually constant on each M  HDj1 ji p 1
 D D , and the union  M is dense. Since the products  p1 pp1 p
are bounded by one, the convergence is SOT. Moreover, since the product
is an isometry on each M , it is an isometry on a dense subspace, andp
hence it is an isometry on the entire space.
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Ž .With respect to the decomposition 1.3 , V has the following operatori
matrix,
   D  D D  1 i  2 i   3 i1 1 2
 
D E    D   i 1 2 i 1  3 i1 2
0 D E    i 2 3 i2V  . 1.4Ž .i
0 0 D E  i3
0 0 0 . . . .. . . .. . . .
Ž .It follows from 1.2 that the isometries,
  Dj1 jn j
, . . . , , 1.5Ž .D E D E  1  n jj j
have orthogonal ranges. Taking into account the matrix form of V , it isi
easy to see that all the columns of V , i 1, . . . , n, are isometries withi
orthogonal ranges. Hence, V , i 1, . . . , n, are isometries with orthogonali
ranges. On the other hand, due to the form of V , i 1, . . . , n, we havei
 4K V H. Therefore, the Schur sequence  determines the  j j1n
positive-definite multi-Toeplitz kernel,
 K e,   P V for any   . 1.6Ž . Ž .HH  n
Conversely, let us show that any positive-definite multi-Toeplitz kernel
  Ž .K :     B H uniquely determines a generalized Schur sequencen n
 4 
  . According to Po6 , K has a minimal Naimark dilation which isj j1
uniquely determined up to an isomorphism. Therefore, there is a Hilbert
space K H and there is a sequence V , . . . , V of isometries on K, withg g1 n
orthogonal ranges, and
K V H . 1.7Ž . 
n
Define the subspaces K  H, K  V H if p 2, and D 1 p   p1  p
Ž .K  K if p 1. The minimality condition 1.7 shows thatp1 p
K HD D   .1 2
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With respect to this orthogonal decomposition of K, each V  V ,i g i
i 1, . . . , n, has a matrix representation of the form,
   1 i
X   1 i
0   V  . 1.8Ž .i 0 0  
0 0 0 . . . .. . . .. . . .
Ž .  Ž .Since K e, g  P V , we must have   K e, g for any i 1, . . . , n.Hi H i 1 i i

  
Since V , . . . , V is an isometry, the operator matrix    ,  , . . . ,1 n 1 11 12
 is a row contraction. On the other hand, for any h  H, i 1, . . . , n,1n i
we have
2 22n n n
P V h  V h  P V hÝ Ý ÝD i i i i H i i1ž / ž /
i1 i1 i1
2 2n n
 h   hÝ Ýi 1 i i
i1 i1
2n
 D h . i1ž /i1
Therefore, there is a unitary operator U: K  K D such that2 1 1
n n
UP V h D h .Ý D i i  i1 1ž /ž / i1i1

 Since V , . . . , V is unique up to an isomorphism we use U to identify D1 n 1
with D . Under this identification we have1
n n n
P V h  X h  D E hÝ Ý ÝD i i 1 i i  i i1 1ž /
i1 i1 i1
for any h  H. Hence, X D E for any i 1, . . . , n. This shows thati 1 i  i1
Ž . Ž .the first column in 1.8 coincides with the first one from 1.4 . Since V ,i
i 1, . . . , n, have orthogonal ranges, all their columns must be isometric
and with orthogonal ranges. Hence, and using the orthogonality of the
Ž .ranges of the isometries in 1.5 , one can deduce that V , i 1, . . . , n, cani
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Ž .be identified with those given by 1.4 . Indeed, using the Halmos extension
of  , we infer that1
n  D1 i 1
HD  H  D . 1.9Ž . Ž .Ž .  1 1D E  ii1 1 1
Ž .Since the second column in 1.8 is isometric and orthogonal to the first
Ž . Ž .column, relation 1.9 and the minimality condition 1.7 show that the
Ž .second column in 1.8 can be identified, via a unitary operator, with
D1  2 i1
D E i2 ,
0
0...

 where    , . . . ,  is a uniquely determined row contraction from2 21 2 n
n D to D  . In a similar manner, one can show that the other i1 1 1
Ž .columns of V can be identified with those given in 1.4 for a uniquelyi
 4determined Schur sequence  . This completes the proof.j j1
Remark 1.4. An explicit minimal Naimark dilation for any positive-defi-
nite multi-Toeplitz kernel K on  in terms of its generalized Schurn
 4 Ž . Ž .sequence  is given by relation 1.4 , where   K e, g for anyj j1 1 i i
i 1, . . . , n.
Notice that, in the particular case when K K , Proposition 1.1 andc
Theorem 1.3 provide a new proof for the existence of the minimal

  Ž 
 .isometric dilation of a row contraction T , . . . , T See Po1 . Indeed, let1 n
Ž .V , . . . , V  B K , K H be the minimal Naimark dilation of K . Due to1 n c
Ž  .Ž  . the form of K , it is clear that P V P V  P V V for anyH H Hc H  H  H  
 ,  . According to Sarason’s classical result, H is semi-invariant.n
Due to minimality, H is also co-invariant for each V , . . . , V . Therefore,1 n
V , . . . , V is the minimal isometric dilation of the row contraction1 n

  Ž 
 .T , . . . , T see Po1 . On the other hand, Theorem 1.3, the uniqueness,1 n
Žand the form of the minimal isometric dilation of a row contraction see

 .Po1 show that the choice sequence corresponding to K is  c 1

 T , . . . , T and   0 for any m 2.1 n m
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¨2. SZEGO TYPE LIMIT THEOREMS AND ENTROPY
In what follows, we show that there is a one-to-one correspondence

 Žbetween the set of all positive multi-Toeplitz matrices M  K  ,m
.  4m and the Schur sequences  , recursively calculate the m ,  m k k1
generalized Schur sequence, and we obtain a recursive algorithm to find a
Cholesky factorization for M . Using the Cholesky factorization, we obtainm
Ž 
 .Szego type limit theorems see Sz1, Sz3, GSz in our setting. This leads to¨
the entropy of positive-definite multi-Toeplitz kernels, which is calculated
in terms of the corresponding Schur sequences.
  Ž .THEOREM 2.1. Let K :     B H be a positie-definite multi-n n
 4Toeplitz kernel and let  be its generalized Schur sequence. If M k k1 m

 Ž . K  ,  , then M  C C , where C is upper triangular. m ,  m m m m m
Proof. Let K  HD  D and notice thatm  1 m1
 T  P V  P V V  V ,K Ki , m K i K 1 i 2 i mim mm m
and T is the mm matrix contained in the upper left-hand corner ofi, m
 Ž .V . Let  :   B K , m 1, 2, . . . , be defined byi m n m
   T T  T , 2.1Ž . Ž .m i , m i , m i , m1 2 k
Ž .  4and  e  I , where  g g  g and i , i , . . . , i  1, 2, . . . , n .K i i i 1 2 km 1 2 k
Ž .For each  g g  g , define D  : HD byi i i 1 2 k  
D  D E D E  D E . 2.2Ž . Ž . i  i  i  1  1 2 1 k
Taking into account the matrix form of V , we infer thati
   K e, g   P  g  D D  D  D  , 2.3Ž . Ž . Ž . Ž .Hi H   i      1, i1 2  
 Ž .if   ,  e, i 1, 2, . . . , n, and K e, g   if i 1, 2, . . . , n.n i 1 i
Let N 1 n n2 nm and define the operator C : NHm 1
K bym1
  C    ,   , . . . ,   , 2.4Ž . Ž . Ž . Ž .H H Hm m1 1 m1 2 m1 N
 4     4where        and  ,  , . . . ,     :  m .1 2 N 1 2 N n
Notice that K NH and let us prove that C is an upper triangularm1 m1
 Ž .factorization on M , i.e., M  C C . Let V  V  B K , i 1, . . . , n,m m m m i g i
be the minimal Naimark dilation of the positive-definite multi-Toeplitz
kernel K , which is a positive-definite multi-Toeplitz extension of M m
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 Ž .K  ,  . Notice that m ,  m
    VŽ . H Hm1 
  for any   with  m. Now, the matrix form of V , i 1, . . . , n,n i
shows that C is upper triangular. On the other hand, for any  hm  m
 H, we have m
² :M h , h  K  ,  h , hŽ .  Ým    ¦ ;ž /
    m  m   m
  m
²  : V V h , hÝ    
  m
  m
2 2
 V h    hŽ .Ý Ý  m1 
    m  m
2
 C h .m ž /
  m
This shows that M  C C .m m m
Ž . Ž .According to the relations 2.2 and 2.3 , for each m 1, 2, . . . , we have
   K e, g   P  g  D D  D  D  2.5Ž . Ž . Ž . Ž .Hi H m1 i    mi1 2 m1
  for   ,  m 1, wheren
D  D E D E  D E 2.6Ž . Ž . i  i  im 1 1 m2 2 1 m1
Ž .for any  g g  g , and  is defined by 2.1 . Notice thati i i m11 2 m1
Ž .    4m1 g  ,  m 1, is completely determined by  , andm1 i j j1
 Ž . 4 
 K e, g  : i 1, . . . , n is uniquely determined by    , . . . ,  .i m m1 m n
 Ž .4Therefore, K e,  is uniquely determined by the Schur sequence m
 4m .j j1
Ž . Ž .Conversely, the relations 2.5 , 2.6 can be used to recursively calculate
 4m  Ž .4 Ž .the Schur sequence  from K e,  . Set   K e, g ifj j1  m 1 i i
 4m1i 1, 2, . . . , n, and assume that we have calculated  . It is clear thatj j1
Ž .    4m1 g  ,  m 1, can be calculated using  . On the otherm1 i j j1
Ž . Ž . 
 hand, using 2.5 and 2.6 , we can obtain    , . . . ,  by invertingm m1 m n
 Ž .the positive operators D , D , j 1, . . . , m 1. We need K e, g  :  ij j
  4i 1, . . . , n,  m 1 , to completely determine the operators D ,j
Ž . Ž .D , j 1, . . . , m 1, in 2.5 and 2.6 .j
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 Ž .4Therefore, there is a one-to-one correspondence between K e,   m
 4mand the generalized Schur sequences  . In particular, the operatorsj j1
 Ž .4  Ž .   4K e,  and K e, g  : i 1, . . . , n,  m 1 uniquely de- m1 i
 4m1termine and are uniquely determined by  and  , respectively.j j1 m
Szego’s limit theorems concern the asymptotic properties of the positive¨
Toeplitz determinants, having interpretation in the geometry of the sta-
tionary process represented by the considered Toeplitz kernel. Using our
Cholesky factorization, we obtain the following extension of Szego’s limit¨
theorems to our setting.
  Ž .THEOREM 2.2. Let K :     B H be a positie-definite multi-n n
 4Toeplitz kernel, where dim H , and let  be its associated general-k k1

 Ž .ized Schur sequence. If M  K  ,  and det M  0 form  m ,  m m
any m 1, 2, . . . , then the following limits exist and
m
m jdet Mm n0 lim  lim det I    1. 2.7Ž .Ž .Ł j jdet Mm m j1m1
Ž . Ž .1 nm Ž .Moreoer, 	 K  lim det M det M exists and if 	 K  0,m m m1
then
 2 j1 jdet M Ž .m  1nn  n nlim  det I   .Ž .Ł2 m j j1nn  nm j1	 KŽ .
2.8Ž .
N N Ž .Proof. A closer look at the operator C :  H H in 2.4 revealsm 1 1
that it has the upper triangular block form,
B   0
0 B  1
,. . . .. . . .. . . .
0 0  Bm
Ž nq .where the block matrices B  B  H , q 0, 1, . . . , m, are defined byq 1
B  I , B D , and0 H 1 1
B D DŽn. DŽn2 .  DŽnq1. , 2.9Ž .q    q q1 q2 1
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 Ž .if q 1, . . . , m. Using the factorization M  C C , and relation 2.2m m m
we infer that
m 1 k m2 kÝ n Ý n k0 k0det M  det I   det I   Ž . Ž .m 1 1 2 2
det I   . 2.10Ž . Ž .m m
Hence, we infer that
m
m jdet Mm n det I   .Ž .Ł j jdet M j1m1
 Ž  .Since each I   is a positive contraction, we have det I   j j j j
Ž   40, 1 , which shows that the sequence det M det M is decreasingm m1 m1
Ž .and lim det M det M exists. Notice thatm m m1
1nm m
jdet Mm 1n det I   . 2.11Ž .Ž .Ł j jž /det M j1m1
Ž .On the other hand, using 2.11 , it is easy to see that the sequence,
det Mm
2 m1nn  n	 KŽ .
Ž . Ž . Ž .is increasing. A computation using 2.10 and 2.11 proves relation 2.8 .
The entropy of K is defined by
1nmdet Mm
exp E K  lim . 2.12Ž . Ž .ž /det Mm m1
  Ž .THEOREM 2.3. Let K :     B H be a positie-definite multi-n n
Toeplitz kernel, where dim H  and det M  0 for any m 1, 2, . . . .m
Then, the entropy of K is
 1
E K  ln det I   , 2.13Ž . Ž .Ž .Ý j jjnj1
 4where  is the generalized Schur sequence associated to K.j j1
Ž .Proof. Using relation 2.11 the result follows.
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Ž .Let us note that 2.13 shows that
1
E K  ln det I   ,Ž . Ž .1 1n

 Ž . Ž . 
 where   K e, g , . . . , K e, g . On the other hand, if T T , . . . , T1 1 n 1 n
Ž .is a row contraction with T  B H and dim H , and K is the Toeplitzi c
Ž .kernel defined by 1.1 , then, using the remarks at the end of Section 1, we
infer that
1
2E K  ln det D .Ž . Ž .c Tn
As in the classical case, Theorem 2.2 provides information about the
asymptotic distribution of the eigenvalues of the multi-Toeplitz matrices
M .m
  Ž .COROLLARY 2.4. Let K :     B H be a positie-definite multi-n n
Toeplitz kernel, where dim H , and assume that det M  0 for anym

 Žm 1, 2, . . . . Let 
 , 
 , . . . , 
 , be the eigenalues of M  K  ,1 2 q m
. . Then, m ,  m
ln 
  ln 
  ln 
1 2 q
lim  E K , 2.14Ž . Ž .
N mm Ž .
Ž . Ž . 2 mwhere E K is the entropy of K and N m  1 n n  n .
3. MAXIMAL OUTER FACTORS AND FACTORIZATIONS
Let H be an n-dimensional complex Hilbert space with orthonormaln
 4basis e , e , . . . , e , where n 1, 2, . . . . We consider the full Fock1 2 n
space of H defined byn
F 2  Hk ,n n
k0
0 k Ž .where H 1 and H is the Hilbert tensor product of k copies ofn n
H . We shall denote by P the set of all p F 2 of the form,n n
p a  a e  e   e , m,Ý0 i    i i i i1 k 1 2 k
1i , . . . , i n1 k
1km
where a , a . The set P may be viewed as the algebra of all0 i    i1 k
polynomials in n noncommuting indeterminates, with p q as multiplica-
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tion of p, qP. Let  be the unital free semigroup on n generatorsn
g , . . . , g , and the identity e. For each   , define e  e  e1 n n  i i1 2
  e , if  g g  g and e  1 if  e. Let P  span e :i i i i  m k 1 2 k
   4  ,  m be the set of all polynomials of degree m. Define then
left creation operator S : F 2 F 2, i 1, . . . , n, by S  e   ,  F 2.i n n i i n
Ž 2Let H, K be Hilbert spaces. A bounded linear operator A B F n
2 . Ž . Ž .H, F  K is said to be multi-analytic if A S  I  S  I A for anyn i H i K
i 1, . . . , n. Notice that A is uniquely determined by the operator  :
2  Ž 2 .H F  K,  A . Conversely, let  B H, F  K , i.e., Hn n
Ž .Ý e   h for some   B H, K with the property that there is   n
  2   2 Ž .c 0 such that Ý  h  c h for any h H. Define A 1 h  n
 h and
A e  h  S  I h for any h H ,   , 3.1Ž . Ž . Ž .   K n
where S  S , i 1, . . . , n. In general, A cannot be extended to ag i i
bounded linear operator from F 2 H to F 2 K. However, its matrixn n
representation,
 
 A  A , A  P S  I A S  I  B HŽ . Ž . Ž .H  ,   ,  K  K   H
has each column bounded as an operator from H to F 2 K. It makesn
sense to define the kernel K on  by setting n
K  ,   A A , 3.2Ž . Ž .Ý  ,   , 
n
Ž .where the convergence is in the SO-topology. Taking into account 3.1
Ž .and 3.2 , it is easy to see that K is positive-definite Toeplitz kernel which
Ž .is not normalized on the diagonal, i.e., K e, e  I . Notice that if A can H 

  
 Žbe extended to a bounded operator, then the matrix M  K  , 
. Ž 2 . represents a multi-Toeplitz operator M  B F  H which is ,   nn
 
  Ž 2Ž . .equal to A A . As in Po3 , an operator T B F H  H is called  n
multi-Toeplitz if
S I T S  I   T for any i , j 1, 2, . . . , n.Ž . Ž .i H j H i j
Ž . 2We say that  is outer if the closed span S  I  H F  K.  K nn 
 The operator  is said to be inner if A is an isometry. According to Po2 ,
 is both inner and outer if and only if it is a unitary operator from H to

K. In what follows, we extend some classical results from HL1, HL2,
SzNF, RR , to our more general setting.
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  Ž .THEOREM 3.1. Let K :     B H be a positie-definite multi-n n
Toeplitz kernel. Then there exists a Hilbert space L and an outer operator
Ž 2 . B H, F  L with the following properties:n
Ž .i K  K ;
Ž . Ž 2 .ii if  B H, F C for some Hilbert space C such that K  K ,n 
then K  K . 
Proof. Let V , . . . , V be the minimal Naimark dilation of K on a1 n
Ž .Hilbert K H. Let L K V K  V K be the wandering sub-1 n
 4 Ž 
 .space in the Wold type decomposition for V , . . . , V see Po1 . Denote1 n
G V L , V  V , i 1, . . . , n, and define the unitary operator  g i  in
U : G F 2 L byL n
U V l  e  l . 3.3Ž .Ý ÝL   ž /
  n n
Notice that
U V  S  I U for any i 1, . . . , n.Ž .L i i L L
Now, define  : H F 2 L byn
U P , 3.4Ž .HL G
Ž . Ž .and let us prove that K has the required properties. Using 3.1 , 3.3 ,
Ž .3.4 , and taking into account that G is reducing for each V , . . . , V , we1 n
infer that
A e  h  S  I U P hU P V h. 3.5Ž . Ž . Ž .   H L G L G 
Ž .Therefore, using 3.2 , we have
 K  ,   P V P V , 3.6Ž . Ž .H H  G 
Ž 2 .and K  K. Let  B H, F C be such that K  K. Define X : n 
K F 2C byn
X V h  S  I h .Ž .Ý Ý   C ž /  n n
    m  m
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Ž . Ž .Taking into account 3.1 , 3.2 , and that V , . . . , V have orthogonal1 n
ranges, we deduce that
2
² :X V h  S  I h , S  I hŽ . Ž .Ý Ý   C   C ž /
      m  ,  m
² : A e  h , A e  hŽ . Ž .Ý      
    ,  m
² : K  ,  h , hŽ .Ý   
    ,  m
² : K  ,  h , hŽ .Ý  
    ,  m
2
 V h .Ý  
  m
Therefore, X extends to a contraction X : K F 2C. On the othern
hand, for each i 1, . . . , n, we have
XV V h  S S  I hŽ .Ý Ýi   i  C ž /
    m  m
 S  I S  I hŽ . Ž .Ýi C  C 
  m
 S  I X V h .Ž . Ýi C  ž /
  m
Therefore,
XV  S  I X 3.7Ž . Ž .i i C

 for any i 1, . . . , n. According to the Wold decomposition from Po1 , we
have K GR where G and R are reducing for each V , . . . , V and1 n
 Ž . Ž .R  V K . Using 3.7 , we havek0  k
 
X R X V K  S X K    ž / ž /
    k  kk0 k0

2  4 S F C  0 .Ž .   nž /
  kk0
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 Ž .For the later equality see Po1 . Since X G 0 and using 3.7 , we infer
that
² :K  ,  h , hŽ .Ý   
    ,  m
2
 X V hÝ  ž /
  m
2 2
 X P V h  P V hÝ ÝG   G  ž /
    m  m
2
² : U P V h  K  ,  h , h .Ž .Ý ÝL G     
      m  ,  m
Therefore, K  K and the proof is complete. 
Ž .Let us note that the equality in i holds if and only if the space
 Ž .R  V K in the Wold decomposition of the minimalk0  k
Naimark dilations space is zero.
Ž 2 . Ž 2 	.THEOREM 3.2. Let  B H, F  K and  B H, F  K . As-n n
sume that  is outer and
K  K . 
Ž 	 2 . Ž 2 	 2 .Then, there exists  B K , F  K such that A  B F  K , F  Kn  n n
and
 A  .
If K  K , then  is inner and if in addition  is outer, then A is a unitary  
diagonal operator.
Proof. Define Q: F 2 K 	 F 2 K byn n
	Q S  I h  S  I h . 3.8Ž . Ž . Ž .Ý Ý K   K 
    m  m
Since K  K and  is outer, Q extends to a contraction from F 2 K 	  n
2 Ž . Ž .	to F  K. Since Q S  I  S  I Q for any i 1, . . . , n, Q is an i K i K
 	 Ž .multi-analytic operator. Therefore, Q A with Q . Using 3.8 ,K
we infer that  A . It is easy to see that if K  K , then  is inner  
and if in addition  is outer, then A is a unitary operator. According to

 Po2 , A is a diagonal operator.
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We can prove the uniqueness of  in Theorem 3.1. Assume that there is
	 Ž 2 	. 	another outer operator   B H, F  L such that K  K . Usingn  
Ž 2 	 2Theorem 3.2, we find a unitary diagonal operator A  B F  L , F  n n
. 	L such that  A  . Therefore,  is uniquely determined up to a
unitary diagonal operator on the left. We shall call  the maximal outer
factor associated with the kernel K.
ŽThe following result extends the classical innerouter factorization see

 . 
 RR as well as the one from Po3 .
Ž 2 . Ž .THEOREM 3.3. Any operator  B H , F  H with K e, e  I ad-1 n 2 
mits a factorization,
 A  , oi
Ž 2 . Ž 2 .with   B H , F  H outer and   B H , F  H inner. Moreoer,o 1 n 3 i 3 n 2
the factorization is uniquely determined up to a unitary diagonal operator.
Ž 2 .Proof. Let   B H , F  H be the spectral factor of K . Using0 1 n 3 
Theorem 3.1, we deduce that K  K . According to Theorem 3.2, there o
Ž 2 .exists   B H , F  H inner such that  A  . To prove unique-i 3 n 2  oi
ness, let  A 		 be another innerouter factorization of . Then we oi
have
2
² :K  ,  h , h  S  I A  hŽ . Ž .Ý Ý     o i
        ,  m  ,  m
2
 A S  I  hŽ .Ý   o i
    ,  m
2
 S  I  hŽ .Ý  o 
    ,  m
 K  ,  h , h .² :Ž .Ý   0
    ,  m
Therefore, K  K  K 	 . Using Theorem 3.2, we infer that 	 U   0 00 0
for some unitary diagonal operator U. Since A   A 		 , A , A 	 are o  o  i i i i
multi-analytic, and  ,	 are outer, we infer that A  A 	U. This0 0  i i
completes the proof.
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¨4. SZEGO INFIMUM AND PREDICTION THEORY
 Ž .4 A stochastic n-linear process is described by a family X x  n
Ž . Ž . of isometries x   B H, K ,   . The covariance kernel of then
Ž . Ž . Ž .  process is defined by K  ,   x  x  . It is clear that K :   n n
Ž . Ž . B H is a positive-definite kernel with K e, e  I . The process X isH
said to be stationary if K is a multi-Toeplitz kernel.
Given a positive-definite multi-Toeplitz kernel K on  , there exists an
geometric model of a stochastic stationary process with covariance kernel

  Ž 
 .K. Indeed, a Naimark type theorem N on free semigroups see Po6
shows that there exists a Hilbert space K H and isometries V , . . . , Vg g1 n
Ž . B K with orthogonal ranges such that
 K  ,   P V V and K V H . 4.1Ž . Ž .HH   
n
 Ž .4 Ž . Ž .Define the process X x  , x   B H, K , by settingn
P ; if  e,HHx  Ž . ½   V ; if   ,   1.H n
Ž .Notice that, according to 4.1 , the covariance kernel of X is K and
K x  H . 4.2Ž . Ž .
n
 Ž .Notice that x:   B H, K is the minimal Kolmogorov decompositionn
Ž . Ž . Ž .  Ž .for the kernel K , i.e., K  ,   x  x  ,  ,   , and 4.2 holds.n
Ž .Due to the minimality condition 4.2 , the geometric model of the process
Ž 
 .having the covariance kernel K is uniquely determined see K1, K2, PS .
Ž .For each k 1, 2, . . . , let H  x  H. The prediction-errork   ,   kn
operator of the process X is defined by
 X  I P P P  B K .Ž . Ž .1 H H H1
Ž 
 .The KolmogorovWiener prediction problem see K1, K2, W is to
compute the prediction-error operator. The prediction-error operator k
units of time ahead is given by
 X  I P P P  B K .Ž . Ž .k H H Hk
In this section, we calculate these operators in terms of the Schur
sequence associated with the covariance kernel. A connection with the
Szego infimum and maximal outer factors for positive-definite multi-Toep-¨
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litz kernels on free semigroups is also considered. Our Szego type infimum¨
theorem for positive-definite multi-Toeplitz kernels on free semigroups
Ž 
extends some classical results see Sz2, GSz, HL1, HL2, WM1, WM2, K1,
.K2, W, SzNF .
  Ž .THEOREM 4.1. Let K :     B H be a positie-definite multi-n n
 4Toeplitz kernel and let  be its associated Schur sequence. Then, fork k1
each h H and m 1, 2, . . . ,
² :inf K  ,  h , hŽ .Ý  
h H   m
h he   m
 D  D   D  D2 D   D  h , h ,² :     1 2 m1 m m1 1
and
² : ² : X h , h  inf K  ,  h , hŽ . Ž .Ý1  
h H
h he
  2   lim D D  D h  m m1 1m
²  :   h , h , 4.3Ž .e e
 4 where the sum is taken oer all finitely supported sequences h  H,  n
such that h  h, and  is the maximal outer factor of K.e
Proof. Let V , . . . , V be the minimal Naimark dilation of K on a1 n
Ž .   Hilbert space K H, i.e., K  ,   P V V and K V H.HH     n
We have
²  :² :inf K  ,  h , h  inf P V V h , hŽ .Ý Ý  H    
h H h H       m  ,  m
h h h he e  m
2
 inf V hÝ  
h H   m
h he
2
 inf h V hÝ  
h H  1  m
h he
2 I P h ,Ž .M
where P is the orthogonal projection onto M V H. On theM 1  m 
other hand, if K  V H, then P Ýn V P V. Using thism  m1  M i1 i K im
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Ž Ž ..and the matrix form of V see 1.4 , we infer thati
2
I P hŽ .M
² : I P h , hŽ .M
n
 h V P V h , hÝ i K i¦ ;mž /
i1
n n
2      h    h , h  D   D h , hÝ Ý1 i 1 i  2 i 2 i ¦ ; ¦ ;1 1ž /
i1 i1
n

     D  D   D  D h , hÝ  mi mi  ¦ ;1 m1 m1 1ž /
i1
² 2 :      D D  D D D  D h , h .     1 2 m1 m m1 1
Ž .We consider now the case when m . The second equality in 4.3 is
 Ž 2 .clear. According to Theorem 3.1,   P where  B H, F  LHe L n
is the maximal outer factor of K. Since n V K V H Hi  1  1i1
Ž   . ² Ž . : Žand L I V V  V V K, we infer that  X h, h  I1 1 n n 1
2 2.   P h  P h . This completes the proof.H L1
  Ž .THEOREM 4.2. Let K :     B H be a positie-definite multi-n n
Toeplitz kernel. Then, for each h H and m 1, 2, . . . ,
² : ² : X h , h  inf K  ,  h , hŽ . Ž .Ým  
h H
h he
  2 ²  : h  V V h , h , 4.4Ž .Ý  
  m
 4 where the first sum is taken oer all finitely supported sequences h  H,  n
 such that h  h and h  0 if 1  m 1, and V , . . . , V is thee  g g1 n
minimal isometric dilation of K.
Proof. Similarly to the proof of Theorem 4.1, we infer that
2
² :inf K  ,  h , h  inf h V hŽ .Ý Ý   
h H h H    m
h h h he e
2
 I P h ,Ž .Hm
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where P is the orthogonal projection onto H  V H. SinceH m  m m
H  V K and V , i 1, . . . , n, have orthogonal ranges, we deducem  i m
that
2 2   ² :² : X h , h  I P h  h  V V h , h .Ž . Ž . Ým H  m
  m
This completes the proof.
ŽLet us note that, using the matrix representation of V , i 1, . . . , n seei
Ž .. ²  :1.4 , one can calculate Ý V V h, h in terms of the generalized m  
Ž .Schur sequence associated to K , and hence, in terms of K  ,  ,  , 
 Ž . Ž . Ž . , using relations 2.1 , 2.2 , and 2.3 .n
Ž 2 . ŽLet T B F  H be a nonnegative multi-Toeplitz operator see Sec-n
. 
 tion 3 . We proved in Po5 that
² :inf T h p , h p  0,Ž .
pP
Ž .p 0 0
Ž 12 .if and only if h has a nonzero projection on H range T . In what
follows, we calculate this infimum and we consider a more general setting.
If T is the identity operator on its diagonal, i.e., T is normalized, then it
  Ž .generates a positive-definite multi-Toeplitz kernel K :     B Hn n
Ž . Ž  . Ž .    4by setting K  ,   P S  I T S  I ,  ,   . Let HH  H  H n k k1
be its associated Schur sequence. We shall prove the following analogue of
the Szego infimum for multi-Toeplitz operators on Fock spaces.¨
Ž 2 .COROLLARY 4.3. Let T B F  H be a normalized nonnegatien
 4multi-Toeplitz operator and let  be its associated Schur sequence. Then,k k1
for each h H and m 1, 2, . . . ,
² :    2  inf T h p , h p  D D  D D D  D h , hŽ . ² :     1 2 m1 m m1 1pPm
Ž .p 0 0
and
  2 ²  :  ² :inf T h p , h p  lim D D  D h    h , h ,Ž .    e em m1 1mpP
Ž .p 0 0
where  is the maximal outer factor of T.
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Proof. Let K :   H be the multi-Toeplitz kernel associatedn n
with the multi-Toeplitz operator T. We have
² :inf T h p , h pŽ .
pPm
Ž .p 0 0
 inf T e  h , e  hÝ Ý   ¦ ;ž /h H     m  m
h he
²  : inf S  I T S  I 1 h , 1 hŽ . Ž . Ž . Ž .Ý    
h H     ,  m
h he
² : inf K  ,  h , hŽ .Ý  
h H     ,  m
h he
Now, the result follows from Theorem 4.1.

  Ž 
 The following result is an extension of Verblunsky formula V see BC
.for the case n 1 .
Ž 2 .COROLLARY 4.4. Let T B F be a nonnegatie multi-Toeplitz opera-n
 4tor and let  be its associated Schur sequence. Then,k k1
m
² :inf Tp , p  1   .Ž .Ł j j
pP j1m
Ž .p 0 1
Proof. Notice that D  , j 1, 2, . . . , are positive numbers in this case.j
´5. CARATHEODORY INTERPOLATION AND
STOCHASTIC n-LINEAR SYSTEMS

 Ž . Ž .We say that a multi-Toeplitz kernel K  ,  , with K  ,  m ,  m
Ž .  B H , admits a positive-definite multi-Toeplitz extension to  if theren
Ž . Ž .    exist some operators K  ,   B H ,  m 1,  m 1, such
  Ž .that K :     B H is a positive-definite multi-Toeplitz kernel. Then n
Caratheodory interpolation problem in our setting is to find all positive-´

 Ž .definite multi-Toeplitz extensions of K  ,  . In this section, m ,  m
we solve this problem, we obtain a parametrization for the set of all
solutions, and we find the maximal entropy solution.
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    4THEOREM 5.1. A multi-Toeplitz kernel on   :  m , admits an
positie-definite multi-Toeplitz extension to  if and only if the operatorn

 Ž .matrix M  K  ,  is positie.m  m ,  m
Proof. Assume that the matrix M is positive. Let K be the Hilbertm m
 4 Ž .space of all sequences of the form h , h  H with the inner  m 
product,
	 ² 	 : 4  4² :h , h  K  ,  h , h .Ž .Ý    m  m   
 , n
    ,  m
We identify the zero element in K with all elements k K withm m
   4k  0. Let M be the subspace of K defined by M h ,m   m1
4h  H . For each i 1, 2, . . . , n, let T : M M be defined by g i
 4T h  P  t h .Ž . 4Ž .  m-1g  M g    tmi i
 Ž . 4Embed H in K by setting h  t h , wherem e  t m
1; if t e,
 t Ž .e ½ 0; if t e.
This identification is allowed since it preserves the linear and metric
structure of H. Indeed, we have
² 	: 	² : h ,  h  K t , s  s h ,  t hŽ . Ž . Ž .ÝKe e e e H
t , sn
	 ² 	:² : K e, e h , h  h , h .Ž . HH

 It is easy to see that T , . . . , T is a contraction andg g1 n
  K e,   P T for  m. 5.1Ž . Ž .HH 
According to Corollary 1.2, the multi-Toeplitz kernel defined by
Ž .   Ž .K e,   P T for any   , is positive-definite. Relation 5.1Hmax H  n
shows that K is a positive-definite multi-Toeplitz extension of M . Themax m
converse is obvious.
Notice that the maximal entropy solution in the Caratheodory interpola-´
 4tion problem corresponds to the Schur sequence  , . . . ,  , 0, 0, . . . . In1 m
this case, the entropy is
m 1
E K  ln det I   .Ž . Ž .Ž .Ýmax j jjnj1
GELU POPESCU216
On the other hand, the positive-definite multi-Toeplitz kernel K ismax
precisely the maximal entropy extension of M .m
If at any step in the algorithm presented in Section 2, the operator  ,j

 Ž .1 jm, is not a contraction, it means that K  ,  , does m ,  m
not admit a positive-definite multi-Toeplitz extension to  , by Theoremn
 4m1.3. On the other hand, if  is a Schur sequence, then the set of allj j1

 Ž .positive-definite multi-Toeplitz extensions of K  ,  , is the m ,  m
  Ž .set of all positive-definite kernels K :     B H generated byn n
 4  4 , where  is an arbitrary Schur sequence such thatj j1 j jm1
  B DŽn. , D Ž .m1  m m
is a contraction. In particular, there exists a unique positive-definite

 Ž .  4mmulti-Toeplitz extension of K  ,  , if and only if  is a m ,  m j j1
 4  4generalized Schur sequence and D  0 or D  0 . m m
The results obtained in this article can be used to develop a theory of
Ž 
  .stochastic n-linear systems see Fr for the case n 2 . We call a
 4sequence of operators T , . . . , T , B, C, Q a stochastic n-linear realization1 n
 Ž .of R:   B H if the Lyapunov equation,n
Q T QT T QT BB 0 cIQ ; c 0 5.2Ž . Ž .1 1 n n
Ž .   Ž .is satisfied, and R   CT QC for any   , where T  B Z , n i
Ž . Ž . Ž .BB Y , Z , CB Z, H , QB Z . A minimal stochastic n-linear
realization should satisfy
Z T QCH , 5.3Ž . 
n
and
Z TCH . 5.4Ž . 
n
Our connection with positive-definite multi-Toeplitz kernels on the free
semigroup with n generators is the following.
THEOREM 5.2. There is a minimal stochastic n-linear realization of the
 Ž .  map R:   B H if and only if the multi-Toeplitz kernel K :    n n n
Ž . Ž . Ž . Ž .B H defined by K e,   K  , e  R  is positie-definite.
Proof. Assume that K is positive-definite and let V , . . . , V be its1 n
Ž .minimal dilation on K H. Define T  B Z , i 1, . . . , n, by settingi
   T  V , where Z V H. Since V , . . . , V have orthogonalZi i    1 nn
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ranges, T , . . . , T is a row contraction. Let1 n
12 B I  T T  T T ,Ž .Z 1 1 n n
 Ž .and C P . It is clear that Q I satisfies 5.2 . On the other hand,ZH Z
for any   ,n
  CT QC  P T  P V  K e,   R  .Ž . Ž .H H H  H 
 4Therefore, T , . . . , T , B, C, Q is a stochastic n-linear realization of R.1 n
 Ž . Ž .Since C H  H, we infer 5.4 . Since T P  P V , i 1, . . . , n, thei Z Z i
Ž .condition 5.3 follows from the minimality of V , . . . , V .1 n
 4Conversely, assume that T , . . . , T , B, C, Q is a stochastic n-linear1 n
Žrealization of R. Without loss of generality, assume that Q I otherwise
. Ž . 
one can use a similarity transform . The equation 5.2 shows that T , . . . ,1
T is a row contraction. Using Proposition 1.1, the result follows. Then
proof is complete.
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